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§1. Introduction 


Bishop frame extended to study canal and tubular surfaces [1]. Rotating camera orientations 
relative to a stable forward-facing frame can be added by various techniques such as that of 
Hanson and Ma [2]. This special frame also extended to height functions on a space curve [3]. 

The construction of the Bishop frame is due to L. R. Bishop and the advantages of Bishop 
frame, and comparisons of Bishop frame with the Frenet frame in Euclidean 3-space were given 
by Bishop [4] and Hanson [5]. That is why he defined this frame that curvature may vanish 
at some points on the curve. That is, second derivative of the curve may be zero. In this 
situation, an alternative frame is needed for non continously differentiable curves on which 
Bishop (parallel transport frame) frame is well defined and constructed in Euclidean and its 
ambient spaces [6,7,8]. 

A regular curve in Euclidean 3-space, whose position vector is composed of Frenet frame 
vectors on another regular curve, is called a Smarandache curve. M. Turgut and S. Yilmaz 
have defined a special case of such curves and call it Smarandache T Bo curves in the space E} 
([9]) and Turgut also studied Smarandache breadth of pseudo null curves in Ef ([10]). A.T.Ali 
has introduced some special Smarandache curves in the Euclidean space [11]. Moreover, special 
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Smarandache curves have been investigated by using Bishop frame in Euclidean space [12]. 
Special Smarandache curves according to Sabban frame have been studied by [13]. Besides, 
some special Smarandache curves have been obtained in E} by [14]. 

Curves of constant breadth were introduced by L.Euler [15]. Some geometric properties of 
plane curves of constant breadth were given in [16]. And, in another work [17], these properties 
were studied in the Euclidean 3-space E3. Moreover, M Fujivara [18] had obtained a problem to 
determine whether there exist space curve of constant breadth or not, and he defined breadth 
for space curves on a surface of constant breadth. In [19], these kind curves were studied in four 
dimensional Euclidean space E*. In [20], Yilmaz introduced a new version of Bishop frame in 
E? and called it Bishop frame of type-2 of regular curves by using common vector field as the 
binormal vector of Serret-Frenet frame. Also, some characterizations of spacelike curves were 
given according to the same frame by Yilmaz and Ünlütürk [21]. A regular curve more than 
2 breadths in Minkowski 3-space is called a Smarandache breadth curve. In the light of this 
definition, we study special cases of Smarandache curves according to the new frame in E?. We 
investigate position vector of simple closed spacelike curves and give some characterizations in 
case of constant breadth according to type-2 Bishop frame in E}. Thus, we extend this classical 
topic in E’ into spacelike curves of constant breadth in FÌ, see [22] for details. 

In this study, we introduce new Smarandache curves of a spacelike curve according to the 
Bishop frame of type-2 in E}. Also, Smarandache breadth curves are defined according to this 
frame in Minkowski 3-space. A third order vectorial differential equation of position vector of 
Smarandache breadth curves has been obtained in Minkowski 3-space. 


§2. Preliminaries 


To meet the requirements in the next sections, here, the basic elements of the theory of curves 
in the Minkowski 3-space Æ} are briefly presented. There exists a vast literature on the subject 
including several monographs, for example [23,24]. 

The three dimensional Minkowski space E} is a real vector space R? endowed with the 
standard flat Lorentzian metric given by 


„r = dat + dz? + dzž, 
L 3 


where (x1, 22,23) is a rectangular coordinate system of Æ}. This metric is an indefinite one. 
Let u = (u1, U2, u3) and v = (v1, V2,v3) be arbitrary vectors in FÌ, the Lorentzian cross 


product of u and v is defined as 


i j k 
u x v = — det U1 U2 U3 


Ui U2 V3 


Recall that a vector v € E? has one of three Lorentzian characters: it is a spacelike vector 
if (v, v) > 0 or v = 0; timelike (v, v) < 0 and null (lightlike) (v, v) = 0 for v 4 0. Similarly, an 
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arbitrary curve 6 = 6(s) in E? can locally be spacelike, timelike or null (lightlike) if its velocity 
vector a’ are ,respectively, spacelike, timelike or null (lightlike), for every s € I C R. The 
pseudo-norm of an arbitrary vector a € E} is given by ||al| = \/|(a,a)|. The curve a = a(s) is 
called a unit speed curve if its velocity vector a’ is unit one i.e., ||a’|| = 1. For vectors v, w € FÌ, 
they are said to be orthogonal each other if and only if (v,w) = 0. Denote by {T, N, B} the 
moving Serret-Frenet frame along the curve a = a(s) in the space FÌ. 


For an arbitrary spacelike curve a = a(s) in E}, the Serret-Frenet formulae are given as 





follows 
T 0 k0 T 
Nl =| ye O 7 ]-| NI, (2.1) 
B' 0 r0 B 

where y = F1, and the functions « and 7 are, respectively, the first and second (torsion) 
_ T'(s) det(a’, a”, a”) 


curvature. T(s)= a‘(s), N(s) B(s) =T(s) x N(s) and 7(s) = 


K(s) | K?(s) 
If y = —1, then a(s) is a spacelike curve with spacelike principal normal N and timelike 
binormal B, its Serret-Frenet invariants are given as 


K(s) = y (T'(s), T’(s)) and 7(s) = — (N"(s), B(s)) . 


If y = 1, then a(s) is a spacelike curve with timelike principal normal N and spacelike 


binormal B, also we obtain its Serret-Frenet invariants as 
K(s) = /— (T"(s),7"(s)) and r(s) = (N"(s), B(s)) . 


The Lorentzian sphere $? of radius r > 0 and with the center in the origin of the space EF 
is defined by 


S?(r) = {p = (p1, p2, p3) € E? : (p, p) = r°}. 


Theorem 2.1 Leta = a/(s) be a spacelike unit speed curve with a spacelike principal normal. 
Tf 191, Q2, B} is an adapted frame, then we have 


Q 0 0 éi Qı 
Q3 |=] 0 0 =é |-] Q2 (2.2) 
B' -ë «ie 0 B 


Theorem 2.2 Let{T, N, B} and {91, Q2, B} be Frenet and Bishop frames, respectively. There 
exists a relation between them as 
| T ] | sinh @(s) cosh6(s) 0 ] | % 


| N | = | cosh6(s) sinhé(s) 0 | | Q | (2.3) 


B 0 0 1 
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where @ is the angle between the vectors N and Q4. 


& = T(s) cosh 6(s), € = T(s) sinh 0(s). 


The frame {01, Q2, B} is properly oriented, and 7 and 6(s) = {(s)ds are polar coordinates 
0 


for the curve a = a(s). We shall call the set {01,Q2, B,&,&} as type-2 Bishop invariants 


of the curve a = a(s) in FẸ. 


§3. Smarandache Curves of a Spacelike Curve 


In this section, we will characterize all types of Smarandache curves of spacelike curve a = a(s) 


according to type-2 Bishop frame in Minkowski 3-space EF}. 


3.1 Q;Q2—-Smarandache Curves 


Definition 3.1 Let a = a(s) be a unit speed regular curve in E? and {Q%,0%, Ba} be its 


moving Bishop frame. QFQS—Smarandache curves are defined by 
B(s*) = OF +999). (3.1) 


Now we can investigate Bishop invariants of Q¢Q5—Smarandache curves of the curve a = 


a(s). Differentiating (3.1) with respect to s gives 


, dBds* 1 


and 
ds* Ta n 
Tp. = vai _ E5 )Ba, 
where igh i 
s 
= —= [Ef — ¿fl . (3.3) 


ds 2 


The tangent vector of the curve 8 can be written as follows 
To= Pa: (3.4) 
Differentiating (3.4) with respect to s, we obtain 


dTg ds* 
E, = TERME + E89). (3.5) 





Substituting (3.3) into (3.5) gives 


d V2 Q Q Q Q 
Ta = -pp gg] ETOT + 82.08). 
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Then the first curvature and the principal normal vector field of 8 are, respectively, com- 


puted as 


[ell <= pve, 


and 1 
Ng esses (ETF + EFF). 


VER)? + (6)? 


On the other hand, we express 


1 -QF QF Bo 
Bg = —— 0 0 1 |, 
e VG + GP 
ee gg o 


So the binormal vector of 8 is computed as follows 


—1 
Bg = eee (ET + F009). 


Vv — (Et)? + (6)? 
Differentiating (3.2) with respect to s in order to calculate the torsion of the curve 3, we 


obtain 
1 


Ë = —=[- (EF + EMER OT — (EF + EPEFOS + (EF + EF) Bal, 


al 


and similarly 





B = ll 3ErEr — 26E — Eres — ETERO 
+(-2E2ES — 2(EF)? — EFES — ES ES) 
HER + EF — (EF)? — (EPJES — EP (EF)? + (E9)?) Bal. 
The torsion of the curve ( is found 


ao (E? — éf)? a a s) — (E2 ajta s 
Tà = Merr epe + €5') Ko(s) — (EF + E7 )ES K (s)], 


where 





Kı(8s) = —3€969 — 26069 — ERES — ELER, 
Ko(s) = —2€€9 — (E9)? — ELES — ESES, 
K3(s) = Ef + E9 — (E2)? — (ERJPES — EP (E9)? + (E9)? 


3.2 (,B—Smarandache Curves 


Definition 3.2 Let a = a(s) be a unit speed regular curve in Ep and {0Q%,0%, Ba} be its 


moving Bishop frame. QS B—Smarandache curves are defined by 


B(s*) = (0 + Ba). (3.6) 
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Now we can investigate Bishop invariants of II? Ba—Smarandache curves of the curve 
a = a(s). Differentiating (3.6) with respect to s, we have 
, dB ds* 1 


p= as = pe TRS = 2935), (3.7) 





and 
ds* o 1 


To- Ja (et Ba — Er OT — 808), 


where 





a (3.8) 
ds 2° 


The tangent vector of the curve 7 can be written as follows 


v2 (3.9) 


Tg = ga CEPOT — 505 + SBa). 
2 


Differentiating (3.9) with respect to s gives 


dTa ds*  & N N 
Ter de T (oQ + La() 3 + La(s) Ba), (3.10) 





where 


ae 
ES’ 


L3(s) = —(€¢)? + (68)? + & 


La(s) = ETES, 


EE 
Es 


Iy(s) = —€% — (EF)? + 








Substituting (3.8) into (3.10) gives 


, _ 202 
To = ep 


then the first curvature and the principal normal vector field of 8 are, respectively, 


(Li(s)Q? + Lo(s)Q$ + L3(s)Ba), 


|z 








= a = Gana v N + L3(s) — L3(s) 


and 
—1 


Na = m IIIu 
P JEU) + EAs) — LAs) 


On the other hand, we have 


(Li(s)QF + La(s)QF + L3(s)Ba). 


2 Y 
é3/13(s) + L3(6) — L3(s) 


HER La(s) + €f'La(s))OS + (63 L1(s) — €'Lo(s)) Bal. 


Bg ET La(s) + E3 L3(s)) OF 


Differentiating (3.7) with respect to s in order to calculate the torsion of the curve 3, we 
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find 
1 


B= =|- (E2)? + ELO + (ELES — ES) OS — (EF — (EF)? + (E$)?) Bal], 


al 


2 


and similarly : 
f = lerer -Eor goen e ere ne 
+(—(€2)3 — REF + EP ESES — EES) Bal]. 


The torsion of the curve ( is 


(eg)? 
Tg = 16/2 [—€M1(s) — &3'Mo(s) — E7 M3(8)], 











where 





My(s) = —3€R€¢ — 266 — EFES — ELES, 
Ma(s) = —2€S€9 — 2(E8)? — EES — ESE, 
M3(s) = EF + ES — (EF)? — (€¢)?48 — EX (ES)? + (ES). 


3.3 Q28B—Smarandache Curves 


Definition 3.3 Let a = a(s) be a unit speed regular curve in E? and {Q%,0%, Ba} be its 


moving Bishop frame. QS B— Smarandache curves are defined by 


o 1 


(QS + Ba). (3.11) 


Now we can investigate Bishop invariants of Qf Ba—Smarandache curves of the curve 
a = a(s). Differentiating (3.11) with respect to s, we have 


, dßd* 1 








B = Ue da = Wei ES Ba $i QF ES 03), (3.12) 
and 
ds* 1 
tea apa ETOT — EF OF — EF Ba), 
where 





ass GE GP l 
T a aie P 


The tangent vector of the curve 8 can be written as follows 





cone — 909 — BB, 
Tg = 7) 22 aa, 3.14 
Í G GF en) 


Differentiating (3.14) with respect to s gives 


dTg ds* 


ae (Ni (s) OP + No(s)QF + N3(s)Ba), (3.15) 
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where 
Ny(s) = E(4E3 g — 2EE)(2(ES)? — (EF)? ) FEF 
—(2(ES)? — (EPP) TER + (263)? — (EPP) TELES, 
No(s) = 4(4ESES — 2EFEP) (DES)? — (EP) FES 
—(2(E8)? — (€¢)?) T ER + (2(ES)? — (ER)? (ES)? 
N3(s) = 3(4€969 — 267 éF) (2 ey - (€)?)* 








= a oa ee) =r = 
Substituting (3.13) into (3.15) gives 


T3 = (Ny (s)Q% + No(s)Q% + N3(s)Ba), 


2(63)? — (ED)? 


then the first curvature and the principal normal vector field of 8 are, respectively, found as 








follows 
ra= nl = Gegr eqn VF NFO NT, 
‘ Beg)? — ery VME) + Nae) + Nato) 
and 
Ng = M(N (e) + No(s)QF + L3(s)Ba). (3.16) 


N2 (85) + N2(s) + N2(8) 
On the other hand, we have 
Í 
Bg = —— (ESN: (8S) +ESNo(8))Q9Q2 
e Er — GP TOES HOETHON EARN (3.17) 
+ ES N3 (8) + ESN: (8))QF + (ELN? — E9 N1 (8))Ba]. 


Differentiating (3.12) with respect to s in order to calculate the torsion of the curve 3, we 
obtain 


p= alle EF + EROF + (EX)? — EF)OG + (—EF + EF — (E%)?) Bal, 


and similarly 





p= zega T EZET — EX — EZES + (E2)3)OS 
+BESES — ES — (E9)? — (EPEN 
+((ER)7E9 — (E9)3 + EJES — EF + EF — BESE) Ba). 
The torsion of the curve ( is 


ro = IS Pes J2 — ég) — Pa(s)( -E3 + es — (ER)PJlER 


+[P3(s) (Eget — EF) — Pi (s)(-E + Eg — (EPPES 
+[Po(s)(ESET — Ec J= Py(s)((& y — & és}, 
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where 
Py(s) = 26SE% + ESER — EO — EES + ERES + (E83, 
P,(s) = 36563 — EF — (6B)? — (EPPES, 
P3(s) = (EPPES — (E3) + ESES — EF + ES — BEES. 





3.4 0;02B—Smarandache Curves 


Definition 3.4 Let a = a(s) be a unit speed regular curve in E? and {Q%,0%, Ba} be its 


moving Bishop frame. NFZ B—Smarandache curves are defined by 


* — 1 Q Q 
B(s*) = ie + OF + Ba). (3.18) 


Now we can investigate Bishop invariants of Q{¢0Q3B—Smarandache curves of the curve 


a = a(s). Differentiating (3.18) with respect to s, we have 








= dG ds* 1 
p= ee ee — ESG + (EF — 8) Ba), (3.19) 
and ds* i 
S 
To E = EOR — e808 + (EP — €8)Ba), 
where 
dat [(@-8P + T isan) 
ds 3 ` 


The tangent vector of the curve ĝ is found as follows 


1 
Tg = ——_—_______(—¢9 02 — EINS + (ES — ES) Ba). 
"=a er a a ee) (3.21) 








Differentiating (3.21) with respect to s, we find 


Te SS = LOER — QL) ER)? + QCJERES — Q'C)ERIOS 
+[-Q(s)éF — QCERES + O(s)(EB)? — Q'(8)E3]93 en 
+ 


[Q(s) (6 — )'-Q(s) (6)? +Q"(s) (EF — £3) Ba, 








where 
1 


(Er -E + GP — GP 
Substituting (3.20) into (3.22) by using (3.23) gives 
V3 


Ts = Kay M9) 8 + M2(s)Q3 + M3(s)Ba), 


Q(s) = 
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where 


Ri(s) = —Q(s)EF — Q(s) (EZ)? + QETE — Q' (SE, 
Ro(s) = —Q(s)E — Q(s)E*ES + Q(s) (EX)? — Q'(S)ES, (3.23) 
Ra(s) = Q(s)(E% — 68)’ — Q(s) (EP)? + Q'(s) (E% — £9). 


Then the first curvature and the principal normal vector field of @ are, respectively, obtained 
as follows 


geli RAs) + RAs) + RRO), 














and a 
[(Ma (Et — E3) + M347 )QF 


K(s)./—R?(s) + R3(s) + R3(s) (3.24) 


+(Mi (EP — EF) + MgéZ) OF + (E3 Mi(s) — Ef Mo(s)) Bal. 


Bg = 





Differentiating (3.19) with respect to s in order to calculate the torsion of the curve 3, we 
obtain ‘ 
p= zler — (EF)? + ELESNQS 

+(—ES + (E3)? — EFES + (EB)? + (EF — EF — (EF)?) Bal, 
and similarly ; 
= gie — 2ERES + EES + EMESIS 
+(-E5 + 4969 — ERES — 2en ES) Og 
+(ESES + EX (ES)? — (EF)? — (ER) + (ER)7EX) Ba]. 


The torsion of the curve ( is 


z 





1 K?(s) 
T =~ 


OETH OET AOL AA + 2(E3)? -ge 





where 
Qi(s) = EF — (EP)? + ERES, 
Qa(s) = EFES + 2ESE9 — EF, 
Qs(s) = EP (ES)? — (EP)? — (EP)? + (EP) ES + ESES. 





3.5 Example 


Example 3.1 Next, let us consider the following unit speed curve w = w(s) in E} as follows 


w(s) = (s, V2In(sec h(s)), V2 arctan(sinh(s))). (3.25) 
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It is rendered in Figure 1, as follows 





Figure 1 


The curvature function and Serret-Frenet frame of the curve w(s) is expressed as 


T = (1, -V2tanh(s), V2 sec h(s)), 
N = (0, —sech(s), — tanh(s)), (uan 
B = (V2, — tanh(s), sec h(s)), 


and 
k = V2sech(s),0 = ZÍ sech(s)ds = v2 arctan(sinh(s)). (3.27) 
0 


or 





ere ty ha 
ATAPATA A eld 





Figure 2 QıQ2-Smarandache curve Figure 3 QıB-Smarandache curve 
Also the Bishop frame is computed as 


Qı = (— sinh 0, — vZ sinh 6 tanh(s) — cosh 8 sec h(s), 


(3.28) 
—v2 sinh 8 sec h(s) — cosh 8 tanh(s)), 


Qə = (cosh 0, — V2 cosh 8 tanh(s) + sinh @ sec h(s), 


(3.29) 
V2 cosh 8 sec h(s) — sinh 0 tanh(s)), 
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B = (V2, —tanh(s), sec h(s)). (3.30) 


Let us see the graphs which belong to all versions of Smarandache curves according to the 
Bishop frame in E}. 


The parametrizations and plottings of Q)Q2,01B,Q2B and Q;Q2B— Smarandache curves 


are, respectively, given in Figures 2-5. 





m 
eee a 
pio Le Lele? 





Figure 4 (2 B-Smarandache curve Figure 5 (,02B-Smarandache curve 


§4. Smarandache Breadth Curves According to the Bishop Frame of Type-2 in E? 


A regular curve more than 2 breadths in Minkowski 3-space is called a Smarandache breadth 


curve. 


Let a = a(s) be a Smarandache breadth curve, and also suppose that a = a(s) is a simple 
closed curve in Æ}. This curve will be denoted by (C). The normal plane at every point P on 
the curve meets the curve at a single point Q other than P. We call the point Q as the opposite 
point of P 


We consider a curve a* = a*(s*) ,in the class I, which has parallel tangents ¢ and ¢* at 
opposite directions at the opposite points a and a* of the curve. A simple closed curve having 
parallel tangents in opposite directions at opposite points can be represented with respect to 
Bishop frame by the equation 


a*(s*) = a(s) + AQı + wO2 + 7B, (4.1) 


where A(s), u(s) and ņn(s) are arbitrary functions, a and a* are opposite points. 


Differentiating both sides of (4.1) and considering Bishop equations, we have 








da* ds* dy d 

Z aS = (FS -ni +1) + (F - ne) 

ds ds S ds (4.2) 
H +i — be) B. 


ds 
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Since Q} = —1, rewriting (4.2) we obtain respectively 
dX _ ds* du dn 
Gs "ST qe’ de "> Ge E1 + ube (4.3) 


If we call 0 as the angle between the tangent of the curve (C) at the point a(s) with a 


dé 
given direction and consider g? (4.3) turns into the following form: 
s 








dà & 1 ds* du &2 dn À H 
ge a S an ee E 4.4 
ge r re a e a ee (44) 
ds* ds* dð 1ds* ds* 
here Z -2 Z- 2 = 
nea ae ds ae a 


Using system (4.4), we have the following vectorial differential equation with respect to A 
as follows 





bs 7 Bie lian F 4a A Ši 
Ta * fae fO- REND E 
ET E E 
&1&2 ot & é VTT dX 
eG ts (Ay + ae OOF a 
HERT pP HE+ Š o (4.5) 
HT Gye 10) +È -DEOR 
HUE? + 276 Egy ey (0) + ORE 
RECTAS FO- ErO + 2208) 


+(=)'F(0) + EFO} =0 


The equation (4.5) is a characterization for a*. If the distance between opposite points of 
(C) and (C*) is constant, then we can write that 


la* — al) = —A? + u? +n? = P = const., (4.6) 
hence, we write 
dX du dn 
2E 4.7 
-Aga + Hae + Tap = an 
Considering the system (4.4) together with (4.7), we obtain 
— (Š! 4 
AFO) = (Č - me- &) (4.8) 
From system (4.4) we have 
Trdà 1 
—— + — f (0). 4.9 
n= 2+ EIO) (4.9) 
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Substituting (4.9) into (4.8) gives 


AFO) = (7G + FO) — tke — 81) 
i CETO (410 
dé ~ G6)’ ` 
where G(0) = = — THbo — E1, T #0. 
Thus we find 
-Ora 
d= I la — 1)48, (4.11) 
and also from (4.4)2, (4.9) and (4.4); we obtain 
0 
u= ie + FO)» 6 a0, (4.12) 
o T 
and ; j 
n= fice + Dja. (4.13) 
0 Sl T 
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